Why relativity theory? Logical positivism is a philosophy which holds that the only authentic knowledge is that based on observation, experience, experiment through formal logic. Einstein's relativity theory transforms space and time from being a priori Euclidean and absolute things to something which emerges from experience and experiments, thus claiming the subjects of space and time from the realm of metaphysics for science.
Einstein's thought-experiments served to bring logic into the picture. Formalizing relativity theory in logical language was a primary interest in logical positivism, see Reichenbach's works. Relativity theory also led to Modern High-Precision Cosmology as a branch of hard-core physics (and not part of metaphysics). Since space-time is the arena in which most processes studied by modern science unfold, a logic based foundation for RT (the theory of space-time) might be a natural starting point for a foundation and unification of the whole of science (a VC goal [8] , [29] ).
Our group investigates a hierarchy of relativity theories, weaker and stronger theories. We not only give axiom systems and prove their com-pleteness with respect to their intended models, but we also derive RT's main predictions, ask ourselves which axioms play the key role in their derivations, we make "reverse relativity" in analogy with "reverse mathematics," and we analyze the theories in many ways. In this paper we present three of our main axiom systems (i.e., theories) with just stating some of their most important properties. These three theories have the same language. We begin with introducing this language.
2 the common language of the theories presented here
We will use FOL. FOL can be viewed as a fragment of natural language with unambiguous syntax and semantics. One of acknowledged traits of using FOL is that it helps eliminate tacit assumptions, one of VC's maxim. The most important decision in writing up an axiom system in FOL is to choose the vocabulary, or primitive symbols of our language, i.e., what objects and what relations between them will belong to the language we will use.
We want to talk about space and time as relativity theory conceives them.
We will talk about space-time as experienced through motion. We represent motion as changing spatial location in time. We will call the entities that do the motion "test-particles." Sometimes, for using a shorter word, we will call them "bodies" but in reality they can be anything that move, e.g., they can be coordinate systems or electromagnetic waves, or light signals or centers of mass.
1 To talk about spatial locations and time we will use quantities 1 Note about extended bodies: We concentrate on test-particles and regard test-particles as spatially point-like, i.e., of size zero. As far as we are aware of it, this idealization is harmless from the point of view of the goals of relativity theory. If we want to treat an extended body in our theory (as we do in the theory AccRel of accelerated observers), we represent it as a "cloud" of test-particles. This is consistent with the spirit of standard physical worldview of regarding extended bodies as clouds of elementary particles.
arranged in a (space-time) coordinate system, and we will have a basic relation, the so-called worldview relation, which tells us which test-particles are present in which locations at which instants. We will think of the quantities as the real numbers (i.e., the number-line), so we will use a "less than" relation and two operations, addition and multiplication, on them. In this paper to axiomatize special relativity theory, we will use two more primitive notions, namely that of "inertial test-particles" and "light-signals" which we will simply call photons.
2
To concretize what we said so far, let us consider the following two-sorted first-order language:
where B (test-particles or bodies) and Q (quantities) are the two sorts, IB Atomic formulas IB(c) and Ph(p) are translated as "c is an inertial body,"
and "p is a photon," respectively. We use the worldview relation W to speak about coordinatization by translating W(o, b, x, y, z, t) as "observer o coordinatizes body b at space-time location x, y, z, t ," (i.e., at space location x, y, z and at instant t). We sometimes use the more intuitive expressions "sees" or "observes" for coordinatizes. We will use the letters, and their variants for variables of sort Q. For easier readability, we will usex,ȳ for sequences of four variables x 1 , x 2 , x 3 , x 4 and y 1 , y 2 , y 3 , y 4 .
We have not introduced the concept of observers as a basic one because it can be defined as follows: an observer is nothing else than a body who "observes" (coordinatizes) some other bodies somewhere, this property can be captured by the following first-order formula of our language:
and inertial observers can be defined as inertial bodies which are observers, formally:
To abbreviate formulas of FOL we often omit parentheses according to the following convention. Quantifiers bind as long as they can, and ∧ binds stronger than →. For example, we write ∀x ϕ ∧ ψ → ∃y δ ∧ η instead of
axioms of special relativity
Having specified the language, let us turn to the axioms of our first theory.
This will be an axiom system for Special Relativity theory (SR).
AxField: The quantity part Q; +, ·, < is an ordered field.
For the FOL definition of linearly ordered field see, e.g., [9, p.41] ; this is a formulation of some of the most basic properties of addition and multiplication of real numbers. One of these properties is that there is a unique neutral element for addition (∃z∀x z + x = x), we call this element z zero and we denote it with 0.
The next axiom simply states that each inertial observer assumes that it rests at the origin of the space part of its coordinate system. It also can be thought of as expressing that we identify a coordinate system (or reference frame) with a test-particle "sitting" at the origin.
AxSelf: Any inertial observer coordinatizes (observes) itself as "living on the time-axis," i.e., it coordinatizes itself at a coordinate point if and only if the space component of this point is the origin:
Our next axiom is on the constancy of the speed of light. For convenience, we choose 1 for this speed. This choice physically means using units of distance compatible with units of time, such as light-year, light-second, etc.
AxPh: The speed of light signals is 1 and it is possible to "send out" a photon in any direction, according to any inertial observer:
This is the most important axiom of SR, it is its "physical" axiom. Axiom
AxPh is very well confirmed by experiments, such as the Michaelson-Morley experiment and its variants. The next axiom establishes connections between different coordinate systems. It expresses the idea that all observers "observe" the same outside reality.
AxEv: All inertial observers coordinatize the same "meetings of bodies:"
We call "meetings of bodies" events. By our next axiom, we assume that inertial observers use the same units of measurement. This is only a "simplifying" axiom.
AxSymd: Inertial observers agree as to the spatial distance between events if these events are simultaneous for both of them, formally:
Let us now introduce our axiom system of SR as the set of the axioms above:
The reader is invited to check that all the axioms of SpecRel are simple, comprehensible and observationally oriented. In setting up an axiom system, we want the axioms be streamlined, economical, transparent and few in number. On the other hand, we want to have all the surprising, shocking, paradoxical predictions of RT as theorems (and not as axioms). We want to have the price-value ratio to be good, where the axioms are on the "cost"-side, and the theorems are on the "gain"-side.
Let us see what theorems we can prove from SpecRel. We will see that we can prove everything from our five axioms that "usual" SR can, but let us proceed more slowly. In the axioms we did not require explicitly, but it can be proved from SpecRel with the rigorous methods of FOL that inertial observers see each other move on a straight line, uniformly (covering the same amount of distance in the same amount of time). For a "fancy theorem" from "plain axioms," let us prove from SpecRel that "no inertial observer can move faster than light." Below, ⊢ denotes derivability in one of FOL's standard proof systems.
Theorem 1. (NoFTL)
In an inertial observer m's worldview, any inertial observer k moves slower than any light-signal p, i.e., if both k and p move from spatial locations x 1 , x 2 , x 3 to y 1 , y 2 , y 3 , then for the observer k this trip took more time than for the photon p. Formally:
For proof see, e.g., [22, Thm.3.2.13] . What the average layperson usually knows about the predictions of relativity is that "moving clocks slow down, moving spaceships shrink, and moving clocks get out of synchronism, i.e., were at the same place according to me, but according to a coordinate system attached to Earth I ate the sandwich at Budapest and drank the coffee at Vienna.) However, in NK the time-difference between two events is the same for all observers, it is "absolute." According to the paradigmatic effects, in RT even the time-difference between two events depends on the state of motion of the observer! (The observer moving relative to m will observe less time passed between e and e ′ because his clock "slowed down.") In this re-3 They follow from our next theorem. However, in our works we usually prefer proving the paradigmatic effects one-by-one, directly from the axioms of SpecRel because this illuminates or illustrates how we perform our conceptual analysis. These proofs can be 
Thus µ(x,ȳ) is squared spatial distance minus squared time-difference between events e and e ′ if these events took place atx andȳ, respectively.
This quantity is called (squared) relativistic distance between events e and e ′ (or squared Minkowski-distance between space-time locationsx andȳ). According to the next theorem, relativistic distance is "absolute" in RT. In RT relativistic distance plays the same role as absolute time in NK. Minkowski geometry is based on relativistic distance (in place of Euclidean distance).
According to the theorem above, relativistic distance between events is an "absolute" property. Clearly, any property defined from it is absolute, too. By the use of modern rigorous logic, it can be stated and proved that the properties definable from relativistic distance are the only absolute properties; and moreover all of SpecRel can be re-constructed from Minkowski geometry (i.e., from the "pseudo-metric" µ). How can one formulate such a statement rigorously in formal logic?
Definability theory is one of the most beautiful parts of modern logic, see [9] , [21] , [25] , [30] . It is about investigating connections between theories formulated in FOL with completely different vocabularies (such as, e.g., Finite
Set Theory based on the ǫ relation and Arithmetic based on + and * to mention that in this application, relativity theory contributed to definability theory once again: for the precise formulation of the equivalence of the two theories we had to elaborate a methodology for how to define new "entities" (such as "events") in addition to the old methods which are about how to define new relations on already existing entities (such as "observer").
This definitional equivalence of the two theories can also be expressed by saying that SpecRel is complete with respect to the Minkowskian model of SR generalized over ordered fields. Hence everything which can be formulated in our language and true in these Minkowskian models can be proved from our axiom system SpecRel. This is a kind of completeness theorem for the streamlined theory SpecRel with respect to Minkowskian Geometry as the intended model for SR.
Less tight relationships than definitional equivalence between theories are also very useful, these kinds of relationships are called interpretability and duality connections. For an illustration, let us turn to the question of where quantities and coordinate systems come from. The axiom system AxSR of James Ax [1] for SR is based on a first-order language that contains only two unary relation symbols P,S for "particles" and "signals" (corresponding to our "bodies" and "photons"), and two binary relation symbols T,R for "transmitting a signal" and "receiving a signal." One can give an interpretation of our FOL theory SpecRel in Ax's FOL theory AxSR (see [3, proof-outline of Thm.2.1]). This amounts to defining the primitive relations of the language of our SpecRel in terms of the primitives of Ax's AxSR, and then proving from AxSR the translated axioms of SpecRel as theorems. This is an interpretation in the sense of definability theory. Now, this interpretation also can be thought of as giving a kind of operational "definition" for how to set up "operationally" the coordinate systems appearing in SpecRel as primitives. The question of how to give algorithms for setting up coordinate systems in this context is treated in more detail and depth in Szabó [33] .
Theories form a rich structure when we investigate their interconnections. Gödel's incompleteness theorem pointed already in the direction of investigating hierarchies of theories rather than single theories. (There is no "strongest" theory for the interesting subjects, there are only stronger and stronger theories.) Answering "why-questions," "reverse mathematics," modularizing our knowledge all point to the study of weaker and weaker theories, and also to studying the interpretations between theories (see [35] ).
Algebraic logic, developed by Tarski and his followers, is a branch of definability theory which establishes a duality between hierarchies of theories and between classes of algebras (cf., e.g., [18, Chap.4.3] , [19] , [25] ). In modern approaches to logic, theories are considered as dynamic objects as opposed to the more traditional "eternally frozen" idea of theories. For approaches to the dynamic trend in mathematical logic cf., e.g., van Benthem [38] , Gabbay [15] , and [26] . This new "plurality of theories" or "hierarchy of small theories (as opposed to a single monolithic one)" approach can help realizing the central or essential VC-aims without the old stumble blocks of the original VC attempts. This is a wisdom gained from FOM, see [12] .
In the rest of the paper we briefly indicate how to arrive to a transparent FOL axiomatization of general relativity from our SpecRel. By this we realize
Einstein's original program formally and literally.
4 first step toward gr: extending the theory to accelerated observers
As a first step toward General Relativity theory (GR), we are going to extend our SpecRel theory with accelerated observers. By accelerated observer we mean any not necessarily inertial observer. Let us first note that none of the axioms of SpecRel speaks about noninertial observers.
Since in the language we have already introduced the concept of arbitrary observer, the only thing we have to do is to assume some axioms about them.
Our key axiom to assume about arbitrary observers is the following:
AxCmv: At each moment of its life, any observer coordinatizes ("sees") the nearby world for a short while in the same way as some inertial observer does.
For precise formulation of this axiom in the spirit we formulated the axioms of SpecRel see [4] , [23] , [35] . Let AccRel − be the axiom system consisting of
AxCmv and all the axioms of SpecRel.
Let us see how strong our theory AccRel − is. To test its strength we are going to investigate whether the Twin Paradox (TwP) and the gravitational time dilation ("gravity causing slow time") are provable from it.
According to TwP, if a twin makes a journey into space (accelerates), he will return to find that he has aged less than his twin brother who stayed at home (did not accelerate). However much surprising TwP is, it is not a contradiction. It is only a fact showing that the concept of time is not as simple as it seems at first. In the FOL language introduced in this paper we can formulate TwP, see [23] , [35] . Let us denote the formulated version of TwP as TwP.
AccRel − is not yet strong enough to imply TwP. One would think that this is so because we did not state enough properties of the real numbers for speaking about curved lines. However, even assuming Th(R), i.e., all the FOL formulas valid in the real numbers, together with AccRel − is not sufficient to prove TwP, see [23] , [35] :
We note that the above theorem is a theorem stating that one cannot prove TwP from AccRel − ∪ Th(R), it is not only the case that we are not "clever enough" to find a proof but there is none. Its proof goes via using the completeness theorem of FOL, namely we find a model in which all the formulas in AccRel − ∪ Th(R) are true, but in which TwP is not true.
This theorem states that even assuming every first-order formula which is true in R is not enough for our purposes. At first sight this result suggests that our programme of FOL axiomatization of GR breaks down at the level of TwP. It would be depressing if we were not able to keep our axiomatization within FOL, because there are weighty methodological reasons for staying within it, see, e.g., [5, Appendix] , [35, sec.11] . However, we are saved: in our language there is a FOL axiom scheme (nice set of axioms) called IND which is sufficient for our purposes. Axiom scheme IND expresses that every nonempty and bounded subset of the quantities which is parametrically definable in our language has a least upper bound (i.e., supremum). IND is a first-order logic approximation of the second-order logic continuity axiom of the real numbers, and it belongs to the methodology developed in FOM and in reverse mathematics that AxField strengthened with IND are strong enough for a FOL treatment of areas involving the real numbers.
Together with this scheme AccRel − implies TwP, i.e., the following theorem can be proved, see [23] , [35] :
How can a FOL axiom scheme be stronger than all the FOL formulas valid in R? The answer is that IND is formulated in a richer language than that of the reals, hence it can state more than the whole FOL theory of R.
If we assume IND only for formulas in the language of ordered fields, we get an axiom schema equivalent to Th(R), see [35] . 6 Let us now introduce our axiom system for accelerated observers as: Let us continue with the gravitational time dilation. By Einstein's equivalence principle, we can also formulate the statement "gravity causes slow time" (usually called "gravitational time dilation" GTD) in our language.
Moreover, the formulated version of this statement is provable from the theory AccRel, see [24] , [35] . The AccRel formulation of GTD basically says that in any accelerated spaceship the clocks in the rear run slower than those in the nose. (The effect is increasing with increasing acceleration. Moreover, it approaches infinity as the acceleration does.) So we are able to derive nontrivial predictions about gravity before we have introduced any axiom system of GR.
The theory AccRel is halfway between SR and GR. Einstein used a nonformalized version of AccRel as a heuristic in introducing GR, e.g., when he made predictions about the influence of gravitation on the propagation of light [10] , [11, § §18-22].
second step: "emancipating" noninertial observers
We are going to modify the axioms of SpecRel and AxCmv one by one and get an axiomatic theory of general relativity. The modification consists of "eliminating the privileged class of inertial reference frames," which was a central idea of Einstein's, see [11, § §18-22] , [13] . We replace each axiom of SpecRel by a new one which does not speak about inertiality but otherwise the content of which tries to approximate that of the old one. All the new axioms will be motivated by our theory AccRel. Roughly, each axiom of AccRel will be replaced by a "generalized" version which does not mention inertiality and which is still in the spirit of AccRel.
The generalized version of AxSelf is the following:
An observer coordinatizes itself on a subset of the time axis:
The modified version AxEv − of AxEv contains the following two statements: (1) any observer coordinatizes the events in which it was observed by some other observer, and (2) 
The instantaneous velocity of photons is 1 in the moment when they "meet" the observer who coordinatizes them, and any observer can send out photons in any direction with this instantaneous velocity.
Meeting observers see each other's clocks behaving the same way, at the event of meeting.
For formulation of these axioms and the corresponding concepts in our firstorder language, see [35] . Now all the four axioms of SpecRel are modified according to the above requirements. Strictly following these guidelines, AxCmv − would state that the worldview transformation between observers are differentiable in their meeting-point. To avoid baroque, we state simply differentiability of the worldview transformations. A natural generalization is n-times differentiability (which is natural to consider in view of our wanting to speak about location, speed and acceleration). Each axiom of this series of potential axioms can be formulated in the language above by the techniques used in [4] , [23] , [35] .
AxDiff n : The worldview transformations are n-times differentiable functions.
Let us introduce the following simple axiom systems for general relativity:
GenRel n := AxField, AxSelf
The following theorem illustrates that our axiom system GenRel n captures the n-times differentiable standard models of usual GR well.
Lorentzian manifolds are the intended models of GR, much the same way as Minkowski geometry was the intended model of SR. Roughly, a Lorentzian manifold is a geometry which at every of its points locally looks like the Minkowski geometry, cf., e.g., [39, p.23] .
Theorem 5. GenRel n is complete with respect to the n-times differentiable Lorentzian manifolds over real-closed fields.
There are many interesting GR space-times, black holes, worm-holes, time-warps, etc. The physical relevance of these so called exotic space-times increases with time. For instance, there is a rapidly growing number of experimental evidence for huge slowly rotating black holes, which are the simplest examples of time-warps. By Theorem 5 even the most exotic model of GR is also a model of our GenRel theory. Hence, within GenRel we can investigate the properties of these exotic models.
To ensure that we can do indeed physics in the framework of GenRel n (n ≥ 3) we defined in [4] , [35] the notion of time-like geodesics in terms of GenRel. These serve as world-lines of inertial bodies. So, though we abandoned inertial observers as primitives, inertial motion becomes accessible/definable as a derived notion (in terms of the primitives of GenRel).
Space-time curvature is defined from geodesics the usual way. So, in particular, the outcomes of experiments involving inertial motion can be predicted (e.g., computing the trajectories of bullets or photon geodesics) on the basics of the new, streamlined theory GenRel in a purely logical way.
concluding remarks
As it was the case with SpecRel, cf., [2] - [6] , having obtained the streamlined axiomatization GenRel and its completeness for "usual" GR is only a first step towards a logic based conceptual analysis of GR, its predictions, alternatives or variants, answering the why-questions in a spirit which is a natural continuation of the VC programme.
